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Àííîòàöèÿ
àññìàòðèâàþòñÿ ëèíåàðèçîâàííûå çàäà÷è îá óïðóãîé óñòîé÷èâîñòè îðòîòðîïíîé ïðÿ-
ìîóãîëüíîé ïëàñòèíû ñ íåçàêðåïëåííûìè êðàÿìè, êîòîðàÿ íàõîäèòñÿ ïîä äåéñòâèåì
ïîãîííûõ ñèë íåèçìåííûõ íàïðàâëåíèé, âûçûâàþùèõ â ïëàñòèíå èëè îäíîñòîðîííåå è
äâóñòîðîííåå ñæàòèå, èëè ÷èñòûé ñäâèã. Äëÿ ïîñòàíîâêè çàäà÷ èñïîëüçóþòñÿ èçâåñò-
íûå óðàâíåíèÿ óòî÷íåííîé òåîðèè ïëàñòèí òèïà Òèìîøåíêî, ó÷èòûâàþùåé ïîïåðå÷íûå
ñäâèãè. Íà áàçå äâîéíûõ òðèãîíîìåòðè÷åñêèõ áàçèñíûõ óíêöèé ïîñòðîåíû òàêèå àíàëè-
òè÷åñêèå ðåøåíèÿ óêàçàííûõ çàäà÷, êîòîðûå óäîâëåòâîðÿþò âñåì ñòàòè÷åñêèì ãðàíè÷íûì
óñëîâèÿì. Â çàâèñèìîñòè îò ñòðóêòóðû ïîñòðîåííûõ ðåøåíèé äëÿ óäîâëåòâîðåíèÿ óðàâ-
íåíèÿì âîçìóùåííîãî ðàâíîâåñèÿ ïëàñòèíû ñîñòàâëÿþòñÿ è ñîîòâåòñòâóþùèå óðàâíåíèÿ
ìåòîäà Áóáíîâà, èñõîäÿ èç êîòîðûõ îïðåäåëÿþòñÿ áèóðêàöèîííûå çíà÷åíèÿ äåéñòâóþ-
ùèõ ñèë è îêîí÷àòåëüíî âûÿâëÿþòñÿ ñîîòâåòñòâóþùèå èì îðìû ïîòåðè óñòîé÷èâîñòè.
Íà îñíîâå ïðåäëîæåííîãî ìåòîäà íàéäåíû àíàëèòè÷åñêèå ðåøåíèÿ çàäà÷è è î ìàëûõ
ñâîáîäíûõ êîëåáàíèÿõ ïëàñòèíû ñ íåçàêðåïëåííûìè êðàÿìè.
Êëþ÷åâûå ñëîâà: ëèíåàðèçîâàííàÿ çàäà÷à óñòîé÷èâîñòè, ïðÿìîóãîëüíàÿ ïëàñòèíà,
äâóñòîðîííåå ñæàòèå, ÷èñòûé ñäâèã, èçãèáíûå è ïîïåðå÷íî-ñäâèãîâûå îðìû ïîòåðè
óñòîé÷èâîñòè, ñâîáîäíûå êîëåáàíèÿ, íåçàêðåïëåííûå êðàÿ, òðèãîíîìåòðè÷åñêèå áàçèñ-
íûå óíêöèè, àíàëèòè÷åñêèå ðåøåíèÿ, ìåòîä Áóáíîâà.
Ââåäåíèå
Òî÷íûå àíàëèòè÷åñêèå ðåøåíèÿ òåõ èëè èíûõ çàäà÷ ìåõàíèêè äåîðìèðóåìûõ
òâåðäûõ òåë (â ÷àñòíîñòè, òîíêîñòåííûõ ýëåìåíòîâ êîíñòðóêöèé â âèäå ïëàñòèí è
îáîëî÷åê) èçâåñòíû ëèøü äëÿ íåêîòîðûõ ÷àñòíûõ âèäîâ ãðàíè÷íûõ óñëîâèé. å-
øåíèé â âèäå êîíå÷íûõ àíàëèòè÷åñêèõ îðìóë äëÿ ýëåìåíòîâ êîíñòðóêöèé ñ íåçà-
êðåïëåííûìè êðàÿìè â ëèòåðàòóðå, ïî-âèäèìîìó, íå èìååòñÿ. Ìåòîä èõ ïîñòðîåíèÿ
äëÿ çàäà÷ î ïëîñêèõ îðìàõ ñâîáîäíûõ êîëåáàíèé ïðÿìîóãîëüíîé îðòîòðîïíîé
ïëàñòèíû ñ íåçàêðåïëåííûìè êðàÿìè áûë ïðåäëîæåí â ðàáîòå [1℄. Îí îñíîâàí íà
èñïîëüçîâàíèè äâîéíûõ òðèãîíîìåòðè÷åñêèõ óíêöèé â êà÷åñòâå áàçèñíûõ è ïðåä-
ñòàâëåíèè ðåøåíèÿ â âèäå òàêîé ñóììû ëèíåéíî íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé,
êàæäîå èç êîòîðûõ óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì çàäà÷è èëè ïðè èõ ïîä÷è-
íåíèè íåêîòîðûì ðàâåíñòâàì, âûòåêàþùèì èç ãðàíè÷íûõ óñëîâèé, èëè áåç íàëî-
æåíèÿ íà íèõ êàêèõ-ëèáî óñëîâèé. Çàâåðøàþùèé ýòàï ïîñòðîåíèÿ ðåøåíèÿ çàäà÷è
òðåáóåò èõ óäîâëåòâîðåíèÿ óðàâíåíèÿì äâèæåíèÿ ïëàñòèíû â îðìå óðàâíåíèé
ìåòîäà Áóáíîâà, ñòðóêòóðà êîòîðûõ çàâèñèò îò ñòðóêòóðû ïîñòðîåííûõ ðåøåíèé.
Äàëüíåéøåå ðàçâèòèå ïðåäëîæåííîãî ìåòîäà, ñâÿçàííîå ñ ïîñòðîåíèåì ðåøåíèÿ
çàäà÷ î ïëîñêèõ îðìàõ ïîòåðè óñòîé÷èâîñòè (ÔÏÓ) ïðÿìîóãîëüíîé ïëàñòèíû
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ñ íåçàêðåïëåííûìè êðàÿìè, íàõîäÿùåéñÿ â óñëîâèÿõ äâóõñòîðîííåãî ðàñòÿæåíèÿ-
ñæàòèÿ, à òàêæå î ïðîñòðàíñòâåííûõ îðìàõ ñâîáîäíûõ êîëåáàíèé ïðÿìîóãîëü-
íîãî ïàðàëëåëåïèïåäà ñ íåçàêðåïëåííûìè ãðàíÿìè, áûëî äàíî â ðàáîòàõ [2, 3℄.
Â íàñòîÿùåé ñòàòüå íà åãî îñíîâå ïîñòðîåíû àíàëèòè÷åñêèå ðåøåíèÿ çàäà÷ îá
èçãèáíî-ñäâèãîâûõ è ïîïåðå÷íî-ñäâèãîâûõ ÔÏÓ, à òàêæå î ñâîáîäíûõ êîëåáàíè-
ÿõ ïëàñòèíû óêàçàííîãî âûøå âèäà, êîòîðûå äîïîëíÿþò ïîëó÷åííûå ðàíåå [13℄
ðåçóëüòàòû.
1. Ïîñòàíîâêà çàäà÷è óñòîé÷èâîñòè
àññìîòðèì ïðÿìîóãîëüíóþ ïëàñòèíó ñî ñòîðîíàìè a , b è òîëùèíîé h , îãðà-
íè÷åííóþ êîîðäèíàòíûìè ëèíèÿìè x = 0 , x = 0 è y = 0 , y = b ïðÿìîóãîëüíîé
äåêàðòîâîé ñèñòåìû êîîðäèíàò. Áóäåì ñ÷èòàòü ìàòåðèàë ïëàñòèíû îðòîòðîïíûì
ñ îñÿìè îðòîòðîïèè, ñîâïàäàþùèìè ñ îñÿìè âûáðàííîé ñèñòåìû êîîðäèíàò. Íà
êðîìêàõ x = 0 , x = a è y = 0 , y = b çàäàíû ñîîòâåòñòâåííî ïîãîííûå ñæèìàþùèå
óñèëèÿ p è q , à òàêæå ïîãîííûå êàñàòåëüíûå óñèëèÿ τ íåèçìåííûõ íàïðàâëåíèé
(¾ìåðòâûå¿ [4℄ ñèëû). Ïðè òàêîì âèäå íàãðóæåíèÿ â ïëàñòèíå îðìèðóåòñÿ ïëîñ-
êîå íàïðÿæåííîå ñîñòîÿíèå êàê â íåâîçìóùåííîì, òàê è â âîçìóùåííîì ñîñòîÿíèÿõ
ðàâíîâåñèÿ. Ïîýòîìó äëÿ èçãèáíûõ îðì ïîòåðè óñòîé÷èâîñòè â ðàìêàõ óòî÷íåí-
íîé ìîäåëè Ñ.Ï. Òèìîøåíêî èìåþò ìåñòî ñëåäóþùèå ëèíåàðèçîâàííûå óðàâíåíèÿ
âîçìóùåííîãî ðàâíîâåñèÿ [5℄
f1 =
∂M11
∂x
+
∂M12
∂y
− T13 = 0, f2 =
∂M12
∂x
+
∂M22
∂y
− T23 = 0,
f3 =
∂T13
∂x
+
∂T23
∂y
+ T 011
∂2w
∂x2
+ T 022
∂2w
∂y2
+ 2T 012
∂2w
∂x∂y
= 0,
(1.1)
ãäå ïðè ðàññìàòðèâàåìîì âèäå íàãðóæåíèÿ T 011 = −p , T
0
22 = −q , T
0
12 = τ , à ïåðåðå-
çûâàþùèå óñèëèÿ T13 , T23 è ìîìåíòû M11 , M22 , M12 ñ óíêöèÿìè ïåðåìåùåíèé
w , γ1 , γ2 ñâÿçàíû ñîîòíîøåíèÿìè óïðóãîñòè
M11 = D11
(∂γ1
∂x
+ ν21
∂γ2
∂y
)
, M22 = D22
(∂γ2
∂y
+ ν12
∂γ1
∂x
)
,
M12 = D12
(∂γ1
∂y
+
∂γ2
∂x
)
, T13 = B13
(∂w
∂x
+ γ1
)
, T23 = B23
(∂w
∂y
+ γ2
)
,
D11 = E1 h
3/
[
12 (1 − ν12 ν21)
]
, D22 = E2 h
3/
[
12 (1 − ν12 ν21)
]
, D12 = G12 h
3/12 ,
B13 = hG13 , B23 = hG23 , E1 ν21 = E2 ν12 .
Åñëè ââåñòè â ðàññìîòðåíèå áåçðàçìåðíûå îïðåäåëÿþùèå ïàðàìåòðû
g 1 = D11/D12, g 2 = D22/D12 (1.2)
è ïàðàìåòðû âíåøíåé íàãðóçêè
t 01 = p/B13, t
0
2 = q/B23, t
0
12 = τ/B13, t
0
21 = τ/B23, (1.3)
à òàêæå îáîçíà÷åíèÿ
B˜ 13 = B13/D12 = 12G13/
(
G12 h
2
)
, B˜ 23 = B23/D12 = 12G23/
(
G12 h
2
)
, (1.4)
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òî óðàâíåíèÿ (1.1) â òåðìèíàõ w , γ1 , γ2 ïðèìóò âèä:
f˜1 =g1
∂2γ1
∂x2
+
∂2γ1
∂y2
+
(
1 + ν21 g1
) ∂2γ2
∂x ∂y
− B˜ 13
( ∂w
∂x
+ γ1
)
= 0,
f˜2 =g2
∂2γ2
∂y2
+
∂2γ2
∂x2
+
(
1 + ν12 g2
) ∂2γ1
∂x ∂y
− B˜ 23
( ∂w
∂y
+ γ2
)
= 0,
f˜3 =B˜ 13
(
1− t 01
)∂2w
∂x2
+ B˜ 23
(
1− t 02
)∂2w
∂y2
−
(
B˜ 13 t
0
12 + B˜ 23 t
0
21
) ∂2w
∂x∂y
+
+ B˜ 13
∂γ1
∂x
+ B˜ 23
∂γ2
∂y
= 0.
(1.5)
Â äàëüíåéøåì áóäåì ðàññìàòðèâàòü òîëüêî òàêóþ êðàåâóþ çàäà÷ó, êîòîðîé ñî-
îòâåòñòâóåò ïîñòàíîâêà íà êðîìêàõ x = 0 , x = a è y = 0 , y = b ñòàòè÷åñêèõ
ãðàíè÷íûõ óñëîâèé:
ïðè x = 0 , x = a
∂γ1
∂x
+ ν 21
∂γ2
∂y
= 0,
∂γ1
∂y
+
∂γ2
∂x
= 0,
∂w
∂x
+ γ1 − t
0
1
∂w
∂x
− t 012
∂w
∂y
= 0; (1.6)
ïðè y = 0 , y = b
∂γ2
∂y
+ ν 12
∂γ1
∂x
= 0,
∂γ1
∂y
+
∂γ2
∂x
= 0,
∂w
∂y
+ γ2 − t
0
21
∂w
∂x
− t 02
∂w
∂y
= 0. (1.7)
2. Ïîñòðîåíèå îáùåãî ðåøåíèÿ çàäà÷è
íà îñíîâå òðèãîíîìåòðè÷åñêèõ áàçèñíûõ óíêöèé
Ñëåäóÿ [1,2℄, ïðåäñòàâèì óíêöèè w , γ1 , γ2 , â âèäå
γ1 = γn cosλnx+ γ˜n sinλnx,
γ2 = Ψn sinλnx+ Ψ˜n cosλnx,
w = wn cosλnx+ w˜n sinλnx,
(2.1)
ãäå λn = npi/a . Ïîä÷èíèâ (2.1) óñëîâèÿì (1.6), ïîëó÷àåì
(
(. . .)′ = d(. . .)/dy
)
:
γ˜n = −
ν21
λn
Ψ˜′n, γn = t
0
12w
′
n − λn(1− t
0
12)w˜n,
Ψn = −
1
λn
γ′n = −
t 012
λn
w′′n + (1− t
0
1 )w˜
′
n.
(2.2)
Ïðè èñïîëüçîâàíèè (2.2) âûðàæåíèÿ (2.1) ïðèìóò âèä
γ1 =
[
t 012 w
′
n − λn (1− t
0
1 ) w˜n
]
cosλn x−
ν21
λn
Ψ˜
′
n sinλn x,
γ2 =
[
−
t 012
λn
w′′n + (1− t
0
1 )w˜
′
n
]
sinλnx+ Ψ˜n cosλnx,
w = wn cosλnx+ w˜n sinλnx,
(2.3)
â êîòîðûõ ïîäëåæàùèìè îïðåäåëåíèþ ÿâëÿþòñÿ òðè îäíîìåðíûå óíêöèè wn , w˜n
è Ψ˜ n . Ïðèìåì äëÿ íèõ ïðåäñòàâëåíèÿ
wn = wnk sinλk y + w˜nk cosλk y, w˜n = Wnk sinλk y + W˜nk cosλk y,
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Ψ˜n = Ψnk sinλk y + Ψ˜nk cosλk y, λk = k pi/b
è âíåñåì â (2.3). Â ðåçóëüòàòå ïîëó÷èì óíêöèè
w =(wnk sinλky+ w˜nk cosλky) cosλnx+ (Wnk sinλky+ W˜nk cosλky) sinλnx,
γ1 =
[
λk t
0
12 (wnk cosλk y − w˜nk sinλk y)− λn
(
1− t 01
) (
Wnk sinλk y+
+ W˜nk cosλk y
) ]
cosλn x−
ν21 λk
λn
(
Ψnk cosλk y − Ψ˜nk sinλk y
)
sinλn x,
γ2 =
[ t 012 λ2k
λn
(
wnk sinλk y + w˜nk cosλk y
)
+
(
1− t 01
)
λn
(
Wnk cosλk y−
− W˜nk sinλk y
) ]
sinλn x+ (Ψnk sinλk y + Ψ˜nk cosλk y) cosλn x,
(2.4)
êîòîðûå íåîáõîäèìî ïîä÷èíèòü ãðàíè÷íûì óñëîâèÿì (1.7). Äëÿ ýòîãî âíåñåì (2.4)
â (1.7) è ïðèðàâíÿåì íóëþ êîýèöèåíòû ïðè sinλn x è cosλn x â ñèëó èõ ëèíåé-
íîé íåçàâèñèìîñòè. Â èòîãå ïîëó÷èì ñëåäóþùèå àëãåáðàè÷åñêèå ñîîòíîøåíèÿ:
λn λk
(
2− t 01 − t
0
2
)
Wnk +
(
t 012 λ
2
k + t
0
21 λ
2
n
)
w˜nk = 0, (2.5)(
1− t 02
)
λk wnk + Ψ˜nk − t
0
21 λn W˜nk = 0, (2.6)(
ν21 λ
2
k − λ
2
n
)
Ψ˜nk = 0, (2.7)
λk
(
1− ν12 ν21
)
Ψnk = 0, (2.8)
−t 012 λk
(
−λ2k + ν12 λ
2
n
)
wnk +
(
1− t 01
)
λn
(
ν12 λ
2
n − λ
2
k
)
W˜nk = 0, (2.9)
Â äàëüíåéøåì öåëåñîîáðàçíî ðàññìîòðåòü ïî îòäåëüíîñòè ñëó÷àè t 012 = t
0
21 = 0
è t 012 6= 0 , t
0
21 6= 0 . Äëÿ îáîèõ ýòèõ ñëó÷àåâ èç (2.7) è (2.8) ñëåäóåò, ÷òî
Ψ˜nk 6= 0 ïðè ν21 λ
2
k − λ
2
n = 0, (2.10)
Ψnk 6= 0 ïðè λk = 0, (2.11)
à äëÿ ïåðâîãî ñëó÷àÿ, êîãäà t 012 = t
0
21 = 0 , âìåñòî ðàâåíñòâ (2.5), (2.6), (2.9) ïîëó÷èì
ðàâåíñòâà
λk
(
1− t 01
)
Wnk = 0, (2.12)
wnk = −Ψ˜nk/
[
λk
(
1− t 02
) ]
, (2.13)(
1− t 01
)(
ν12 λ
2
n − λ
2
k
)
W˜nk = 0 .
Èç (2.12) ñëåäóåò, ÷òî Wnk 6= 0 ïðè:
1) t 01 = 1; (2.14)
2) λk = 0. (2.15)
Àíàëîãè÷íûì îáðàçîì W˜nk 6= 0 ïðè:
1) t 01 = 1; (2.16)
2) λ2k = ν12 λ
2
n. (2.17)
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Òàêèì îáðàçîì, â ðàññìàòðèâàåìîì ñëó÷àå, ïðåäñòàâèâ (2.13) â âèäå wnk =
= −ckΨ˜nk , ck = 1/
[
λk
(
1− t 02
) ]
, óíêöèè (2.4) ïåðåïèøåì â îðìå
w = (−ckΨ˜nk sinλky + w˜nk cosλky) cosλnx+
+ (Wnk sinλky + W˜nk cosλky) sinλnx,
γ1 =− λn (1 − t
0
1 ) (Wnk sinλk y + W˜nk cosλk y) cosλn x−
−
ν21 λk
λn
(Ψnk cosλk y − Ψ˜nk sinλk y) sinλn x,
γ2 = λk (1− t
0
1 ) (Wnk cosλk y − W˜nk sinλk y) sinλn x+
+ (Ψnk sinλk y + Ψ˜nk cosλk y) cosλn x,
(2.18)
êîòîðûå áóäóò óäîâëåòâîðÿòü âñåì ãðàíè÷íûì óñëîâèÿì íà êðîìêàõ x = 0 , x = a
è y = 0 , y = b ïðè âûïîëíåíèè óñëîâèé (2.10), (2.11), (2.14) èëè (2.15), à òàêæå
(2.16) èëè (2.17).
Åñëè ñ÷èòàòü, ÷òî ñîðìóëèðîâàííûå óñëîâèÿ (2.10), (2.11), (2.14)(2.17) íå âû-
ïîëíÿþòñÿ, òî ïîëó÷èì ðàâåíñòâà Ψ˜nk = Ψnk = Wnk = W˜nk = wnk = 0 . Â ðåçóëü-
òàòå ïðè t 012 = t
0
21 = 0 âìåñòî (2.18) ñ ó÷åòîì (2.13) áóäåì èìåòü ðåøåíèå
w = w˜nk cosλk y cosλn x, γ1 = γ2 = 0, (2.19)
óäîâëåòâîðÿþùåå âñåì ãðàíè÷íûì óñëîâèÿì çàäà÷è.
Ïåðâûå äâà óðàâíåíèÿ ñèñòåìû (1.5) ïðè èñïîëüçîâàíèè (2.19) äîñòàâëÿþò
íåòðèâèàëüíîå ðåøåíèå w˜nk òîëüêî ïðè óñëîâèÿõ B˜13 = 0 , B˜23 = 0 (íóëåâûå
æåñòêîñòè íà ïîïåðå÷íûå ñäâèãè), à èç òðåòüåãî óðàâíåíèÿ f˜3 = 0 ñëåäóåò õàðàê-
òåðèñòè÷åñêîå óðàâíåíèå
B˜13 λ
2
n + B˜23 λ
2
k = B˜13 λ
2
n t
0
1 + B˜23 λ
2
k t
0
2 , (2.20)
ñëóæàùåå äëÿ îïðåäåëåíèÿ áèóðêàöèîííîãî çíà÷åíèÿ ïàðàìåòðà íàãðóçêè t 01 ïðè
çàäàííîì îòíîøåíèè
t 02 = r t
0
1 . (2.21)
Çàìåòèì, ÷òî ïðè ïðåäâàðèòåëüíîì óäîâëåòâîðåíèè âñåì ãðàíè÷íûì óñëîâèÿì
çàäà÷è óðàâíåíèÿì (1.5) ñîîòâåòñòâóåò âàðèàöèîííîå óðàâíåíèå ìåòîäà Áóáíîâà
a∫
0
b∫
0
(
f˜1 δ γ1 + f˜2 δ γ2 + f˜3 δ w
)
dx dy = 0, (2.22)
èç êîòîðîãî áåç ââåäåíèÿ óñëîâèé B˜13 = 0 , B˜23 = 0 è ñëåäóåò õàðàêòåðèñòè÷åñêîå
óðàâíåíèå (2.20), åñëè âíåñòè â (2.22) ëåâûå ÷àñòè óðàâíåíèé (1.5) è ïîä÷èíèòü
ðåøåíèþ (2.19).
àññìîòðèì òåïåðü ñëó÷àé, êîãäà t 012 6= 0 , t
0
21 6= 0 . Äëÿ ýòîãî ñëó÷àÿ èç (2.5)
ñëåäóåò ðàâåíñòâî
Wnk =
t 012 λ
2
k + t
0
21 λ
2
n
λn λk
(
2− t 01 − t
0
2
) w˜nk, (2.23)
à óðàâíåíèå (2.10) ïðåäñòàâèìî â âèäå
W˜nk =
t 012 λk(
1− t 01
)
λn
wnk (2.24)
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ïðè óñëîâèè λ2k 6= ν12 λ
2
n . Ïðè ïîäñòàíîâêå (2.24) â (2.6) ïðèõîäèì ê çàâèñèìîñòè
wnk = −
1− t 01
λk
[(
1− t 01
) (
1− t 02 t
0
12 t
0
21
)]
λn
Ψ˜nk, (2.25)
ñïðàâåäëèâîé â ñèëó (2.10) ïðè óñëîâèè λ2n = ν21 λ
2
k . Ïîäñòàâëÿÿ (2.25) â (2.24),
ïîëó÷èì çàâèñèìîñòü
W˜nk = −
t 012
λn
[(
1− t 01
) (
1− t 02
)
− t 012 t
0
21
)]
λn
Ψ˜nk, (2.26)
òàêæå ñïðàâåäëèâóþ, åñëè λ2n = ν21λ
2
k . Â ðåçóëüòàòå ñ ó÷åòîì (2.23), (2.25), (2.26)
óíêöèè (2.4), óäîâëåòâîðÿþùèå âñåì ãðàíè÷íûì óñëîâèÿì, çàïèøóòñÿ â âèäå
w =
[
−
1− t 01
p 01 λk
Ψ˜nk sinλk y + w˜nk cosλk y
]
cosλn x+
+
[ t 012 λ2k + t 021 λ2n
λn λk p 02
w˜nk sinλk y −
t 012
λn p 01
Ψ˜nk cosλk y
]
sinλn x,
γ1 = −
[
λk t
0
12 +
(
1− t 01
) (
t 012 λ
2
k + t
0
21 λ
2
n
)
λk p 02
]
w˜nk sinλk y cosλn x−
−
ν21 λk
λn
(
Ψnk cosλk y − Ψ˜nk sinλk y
)
sinλn x,
γ2 =
[ λ2k t 012
λn
+
(
1− t 01
) (
t 012 λ
2
k + t
0
21 λ
2
n
)
λn p 02
]
w˜nk cosλk y sinλn x+
+
(
Wnk sinλk y + W˜nk cosλk y
)
cosλn x,
(2.27)
ãäå p 01 =
(
1− t 01
) (
1− t 02
)
− t 012 t
0
21 , p
0
2 = 2− t
0
1 − t
0
2 .
Íåïîñðåäñòâåííîé ïðîâåðêîé ìîæíî óáåäèòüñÿ, ÷òî ïîñòðîåííûå óíêöèè óäî-
âëåòâîðÿþò âñåì ãðàíè÷íûì óñëîâèÿì çàäà÷è ïðè âûïîëíåíèè óñëîâèé (2.10),
(2.11), à òàêæå äîïîëíèòåëüíîãî óñëîâèÿ w˜nk 6= 0 ïðè t
0
12 λ
2
k + t
0
21 λ
2
n = 0 . Òàê
êàê t 012 λ
2
k + t
0
21 λ
2
n 6= 0 , òî w˜nk = 0 . Â ñèëó ýòîãî óíêöèè (2.27) ïðèìóò âèä
w = −
1− t 01
p 01 λk
Ψ˜nk sinλk y cosλn x−
t 012
λn p 01
Ψ˜nk cosλk x sinλk y,
γ1 = −
ν21 λk
λn
(
Ψnk cosλk y − Ψ˜nk sinλk y
)
sinλn x,
γ2 =
(
Ψnk sinλk y + Ψ˜nk cosλk y
)
cosλn x.
(2.28)
3. Êðèòè÷åñêèå íàãðóçêè è ÔÏÓ ïëàñòèíû
ïðè äåéñòâèè ñèë p , q è τ íåèçìåííûõ íàïðàâëåíèé
3.1. Äåéñòâèå ñèë p è q . Ñëåäóÿ ìåòîäèêå, ïðåäëîæåííîé â [1℄, â ðàññìàò-
ðèâàåìîì ñëó÷àå â ñîîòâåòñòâèè ñ (2.22) è ñòðóêòóðîé óíêöèé (2.18) íåîáõîäèìî
ñîñòàâèòü óðàâíåíèÿ ìåòîäà Áóáíîâà ñëåäóþùèõ âèäîâ:
a∫
0
b∫
0
(
−f˜3 ck sinλk y cosλn x+
ν21 λk
λn
f˜1 sinλk y sinλn x+
+ f˜2 cosλk y cosλn x
)
dx dy = 0 ïðè δ Ψ˜nk 6= 0, (3.1)
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a∫
0
b∫
0
f˜3 cosλk y cosλn xdx dy = 0 ïðè δ w˜nk 6= 0, (3.2)
a∫
0
b∫
0
[
f˜3 sinλk y sinλn x− λn
(
1− t 01
)
f˜1 sinλk y cosλn x+
+ λk
(
1− t 01
)
f˜2 cosλk y sinλn x
]
dx dy = 0 ïðè δWnk 6= 0, (3.3)
a∫
0
b∫
0
[
f˜3 cosλk y sinλn x− λn
(
1− t 01
)
f˜1 cosλk y cosλn x−
− λk
(
1− t 01
)
f˜2 sinλk y sinλn x
]
dx dy = 0 ïðè δ W˜nk 6= 0, (3.4)
a∫
0
b∫
0
[
−
ν21λk
λn
f˜1 cosλky sinλnx+f˜2 sinλky cosλnx
]
dx dy = 0 ïðè δΨnk 6= 0, (3.5)
â êîòîðûõ f˜1 , f˜2 , f˜3  ëåâûå ÷àñòè óðàâíåíèé (1.5), ïðèâåäåííûå íà îñíîâå óíê-
öèé (2.18) ê âèäó
f˜1 =
[
g1
(
1− t 01
)
λn
(
λ2n − ν21 λ
2
k
)
− B˜13 λn t
0
1
] (
Wnk sinλk y cosλn x+
+ W˜nk cosλky cosλnx
)
+
(ν21λ3k
λn
− λkλn + B˜13
ν21λk
λn
)
Ψnk cosλky sinλnx+
+
[
−
ν21 λ
3
k
λn
+ λk λn − B˜13
(
λn ck +
ν21 λk
λn
) ]
Ψ˜nk sinλk y sinλn x+
+ B˜13 λn w˜nk cosλk y sinλn x , (3.6)
f˜2 =
[
g2
(
1− t 01
)
λk
(
−λ2k + ν12λ
2
n
)
− B˜23λk
(
2− t 01
)](
Wnk cosλky sinλnx−
− W˜nk sinλky sin λnx
)
−
(
g˜2 λ
2
k + λ
2
n − ν21 λ
2
k + B˜13
)
Ψnk sinλky cosλnx−
−
[
g˜2 λ
2
k + λ
2
n − ν21 λ
2
k − B˜13
(
λk ck − 1
)]
Ψ˜nk cosλk y cosλn x+
+ B˜23 λk w˜nk sinλk y cosλn x , (3.7)
f˜3 =
[
B˜13(1− t
0
1 )ckλ
2
n + B˜23(1− t
0
2 )ckλ
2
k +λk(−B˜23 + ν21B˜13)
]
Ψ˜nk sinλky cosλnx−
−
(
2− t 01 − t
0
2
)
λ2k B˜23
(
Wnk sinλk y + W˜nk cosλk y
)
sinλn x+
+
(
B˜23 − ν21 B˜13
)
λkΨ˜nk cosλk y cosλn x, (3.8)
ãäå g˜2 = g2 (1− ν12 ν21) .
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Ïðè ïîäñòàíîâêå âûðàæåíèé (3.6)(3.8) â óðàâíåíèå (3.1) îíî ïðèâîäèòñÿ ê âèäó
{
−
1
λk (1 − t 02 )
[
B˜13
(1− t 01 )λ
2
n
(1− t 02 )λk
+ B˜23λk + λk
(
−B˜23 + ν21 B˜13
) ]
−
−
ν21λk
λn
[ ν21λ3k
λn
− λn λk + B˜13
( λn
λk (1 − t 02 )
+
ν21λk
λn
) ]
−
−
[
g˜2 λ
2
k + λ
2
n − ν21 λ
2
k − B˜13
( 1
1− t 02
− 1
)]}
Ψ˜nk = 0. (3.9)
Â ñîîòâåòñòâèè ñ (2.10) äàííîå óðàâíåíèå èìååò íåòðèâèàëüíîå ðåøåíèå Ψ˜nk 6= 0 ,
êîãäà
w = −
1
λk
(
1− t 01
) Ψ˜nk sinλk y cosλn x,
γ1 =
ν21λk
λn
Ψ˜nk sinλk y sinλn x, γ2 = Ψ˜nk cosλk y cosλn x,
(3.10)
è òîëüêî ïðè óñëîâèè λ2n = ν21 λ
2
k . Â ñèëó ýòîãî óñëîâèÿ èç (3.9) ñëåäóåò õàðàêòå-
ðèñòè÷åñêîå óðàâíåíèå
(g˜2λ
2
k + B˜23 + ν21B˜13)(t
0
2 )
2 − (2g˜2λ
2
k + B˜23 + 4ν21B˜13)t
0
2−
− ν21B˜13t
0
1 + g˜2λ
2
k + 4ν21B˜13 = 0, (3.11)
â êîòîðîì äîïóñòèìî ïðèíÿòü ν21 = λ
2
n/λ
2
k . Ïðè t
0
1 = 0 (îäíîñòîðîííåå ñæàòèå
ñèëîé p) èç (3.11) ñëåäóåò áèóðêàöèîííîå çíà÷åíèå ïàðàìåòðà t 01 :
t 0 ∗2 = 4 + g˜2 λ
4
k/
(
B˜13 λ
2
n
)
= 4 + g˜2 λ
2
k/
(
ν21 B˜13
)
. (3.12)
Àíàëîãè÷íûì îáðàçîì, ñ ó÷åòîì (3.6)(3.8) óðàâíåíèå (3.4) ïðèâîäèòñÿ ê âèäó
{
−
(
2− t 01 − t
0
2
)
λ2kg23 − λn
(
1− t 01
)[
g1
(
1− t 01
)
λn
(
λ2n − ν21λ
2
k
)
− g13λnt
0
1
]
+
+ λk
(
1− t 01
)[
g2
(
1− t 01
)
λk
(
−λ2k + ν12 λ
2
n
)
− g23 λk
(
2− t 01
)]}
W˜nk = 0, (3.13)
ñîîòâåòñòâóþùåå íåòðèâèàëüíîìó ðåøåíèþ W˜nk 6= 0 ñ óíêöèÿìè
w = W˜nk cosλk y sinλn x, γ1 = −λn
(
1− t 01
)
W˜nk cosλk y cosλn x,
γ2 = −λk
(
1− t 01
)
W˜nk sinλk y sinλn x
(3.14)
è íàëîæåííûõ óñëîâèÿõ (2.16), (2.17). àññìîòðèì êàæäîå èç ýòèõ óñëîâèé ïî îò-
äåëüíîñòè.
à) Ïóñòü âûïîëíåíî óñëîâèå (2.16), òî åñòü t 01 = 1 . Òîãäà èç (3.13) ñëåäóåò áè-
óðêàöèîííîå çíà÷åíèå t 0 ∗2 = 1 , ñîîòâåòñòâóþùåå, êàê è t
0 ∗
1 = 1 , ÷èñòî ïîïåðå÷íî-
ñäâèãîâîé ÔÏÓ.
b) Ïóñòü âûïîëíåíî óñëîâèå (2.17), òî åñòü λ2k − ν12 λ
2
n = 0 . Òîãäà ñëåäóþùåå
èç (3.13) õàðàêòåðèñòè÷åñêîå óðàâíåíèå ñòàíîâèòñÿ àíàëîãè÷íûì óðàâíåíèþ (3.11)
è ïðèíèìàåò âèä
(g˜1λ
2
n+B˜13)(t
0
1 )
2−(2g˜1λ
2
n+B˜13+4ν12B˜23)t
0
1 −ν12B˜23t
0
2 + g˜1λ
2
n+4ν12B˜23 = 0, (3.15)
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Â íåì äîïóñòèìî ïðèíÿòü ν12 = λ
2
k/λ
2
n , à g˜1 = g1 (1 − ν12 ν21) . Â ñëó÷àå t
0
1 = 0
èç óðàâíåíèÿ (3.15) ñëåäóåò áèóðêàöèîííîå çíà÷åíèå
t 0 ∗2 = 4 + g˜1 λ
4
n/
(
B˜23 λ
2
k
)
= 4 + g˜1 λ
2
n/
(
ν12 B˜23
)
,
àíàëîãè÷íîå (3.12), à ïðè t 01 = 1 ïðèõîäèì ê ðàâåíñòâó t
0
2 = 1 .
Â îáùåì ñëó÷àå, êîãäà t 02 çàäàåòñÿ â âèäå çàâèñèìîñòè (2.21), äëÿ îïðåäåëåíèÿ
áèóðêàöèîííîãî çíà÷åíèÿ óñèëèÿ t 01 èç (3.15) ñëåäóåò êâàäðàòíîå óðàâíåíèå âèäà
r1
(
t 01
)2
−
(
r2 + r ν12 B˜23
)
t 01 + r3 = 0, (3.16)
ãäå r1 = g˜1 λ
2
n + B˜13 + ν12 B˜23 , r2 = 2 g˜1 λ
2
n + B˜13 + 4 ν12 B˜23 , r3 = g˜1 λ
2
n + 4 ν12 B˜23 .
Ñëåäóåò çàìåòèòü, ÷òî ïðè r = 0 è ν12 = 0 ñëåäóþùèå èç óðàâíåíèÿ (3.16)
áèóðêàöèîííûå çíà÷åíèÿ t 0 ∗1 áóäóò ðàâíû
t 0 ∗1(1) = 1, t
0 ∗
1(2) = g˜1/(g˜1 λ
2
n + B˜13), (3.17)
èç êîòîðûõ ïåðâîå ñîîòâåòñòâóåò ðåàëèçàöèè ÷èñòî ñäâèãîâîé, à âòîðîå  èçãèáíî-
ñäâèãîâîé ÔÏÓ ïëàñòèíû â âèäå óäëèíåííîãî ñòåðæíÿ (òî åñòü â ïðåäïîëîæåíèè
σ22 = 0 , M22 = 0).
àññìîòðèì òåïåðü óðàâíåíèå (3.3). Ïîäñòàâëÿÿ â íåãî âûðàæåíèÿ (3.6)(3.8),
ïî-ïðåæíåìó ïîëó÷èì óðàâíåíèå (3.13), êîòîðîå â äàííîì ñëó÷àå ñîîòâåòñòâóåò
íåòðèâèàëüíîìó ðåøåíèþ âèäà
w = Wnk sinλk y sinλn x , γ1 = −λn
(
1− t 01
)
Wnk sinλk y cosλn x ,
γ2 =
(
1− t 01
)
λk Wnk cosλk y sinλn x
(3.18)
ïðè âûïîëíåíèè óñëîâèé (2.14) è (2.15). Ïðè âûïîëíåíèè óñëîâèÿ (2.15), òî åñòü
λk = 0 , èç óðàâíåíèÿ (3.13) ñëåäóåò áèóðêàöèîííîå çíà÷åíèå
t 0 ∗1 = g1 λ
2
n/(g1 λ
2
n + B˜13), (3.19)
êîòîðîå ñîîòâåòñòâóåò ïîòåðå óñòîé÷èâîñòè áåñêîíå÷íî-øèðîêîé ïëàñòèíû ïî
èçãèáíî-ñäâèãîâîé îðìå. Â ýòîì ëåãêî ìîæíî óáåäèòüñÿ, åñëè âîñïîëüçîâàòüñÿ
ñîîòâåòñòâóþùèìè îðìóëàìè (1.2)(1.4).
Ê îðìóëå (3.19) ìîæíî ïðèéòè è èíòåãðèðîâàíèåì èçëîæåííûì ìåòîäîì îä-
íîìåðíûõ óðàâíåíèé
f˜1 = g1
d2γ1
dx2
− B˜13
(dw
dx
+ γ1
)
= 0, f˜3 = B˜13
(
1− t 01
) d2w
dx2
+ B˜13
dγ1
dx
= 0, (3.20)
ñëåäóþùèõ èç (1.5) ïðè d(. . .)/dy = 0 , êîãäà â êà÷åñòâå w è γ1 èñïîëüçóþòñÿ
óíêöèè
w = w0 sinλn x, γ1 = −λn
(
1− t 01
)
w0 cosλn x (3.21)
è ñîñòàâëÿåòñÿ óðàâíåíèå ìåòîäà Áóáíîâà âèäà
a∫
0
[
f˜3 sinλn x− f˜1 λn
(
1− t 01
)
cosλn x
]
dx = 0. (3.22)
Îäíàêî çàìåòèì, ÷òî óíêöèè (3.18) ïðè λk = 0 íå ñâîäÿòñÿ ê óíêöèÿì (3.21),
ïðèíèìàþùèì âèä w = 0 , γ1 = 0 , γ2 = 0 . Çàòî ïðè λk = 0 ê íèì ñâîäÿòñÿ óíêöèè
(3.14), íî ïðè âûïîëíåíèè óñëîâèÿ (2.17).
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Â ñâåòå ïîëó÷åííûõ ðåçóëüòàòîâ íåîáõîäèìî ïðîâåñòè äîïîëíèòåëüíûé àíàëèç
ïîñòðîåííîãî õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (3.11). Ïîëàãàÿ â íåì ν21 = 0 , ÷òî
ýêâèâàëåíòíî ðàâåíñòâó λn = 0 , ïîëó÷èì óðàâíåíèå(
g˜2 λ
2
k + B˜23
) (
t 02
)2
−
(
2 g˜2 λ
2
k + B˜23
)
t 02 + g˜2 λ
2
k = 0,
èç êîòîðîãî ñëåäóþò äâà áèóðêàöèîííûõ çíà÷åíèÿ: t 0 ∗2 = 1 è
t 0 ∗2 = g˜2 λ
2
k/
(
g˜2 λ
2
k + B˜23
)
. (3.23)
Ïîñëåäíåå îòëè÷àåòñÿ îò àíàëîãè÷íîé îðìóëû (3.19) âåëè÷èíîé g˜2 âìåñòî g2 . Îíî
òàêæå ñîîòâåòñòâóåò èçãèáíî-ñäâèãîâîé ÔÏÓ ïëàñòèíû, íî ïðè åå ñæàòèè ñèëîé q
è ìîäåëèðîâàíèè ñòåðæíåì, êîãäà ïðèíèìàåòñÿ óñëîâèå σ11 = 0 .
Åñëè ïëàñòèíà íàõîäèòñÿ â óñëîâèÿõ äâóñòîðîííåãî ñæàòèÿ, òî óðàâíåíèå (3.11)
ïðè ââåäåíèè îáîçíà÷åíèé
k1 = g˜2λ
2
k + B˜23 + ν21 B˜13, k2 = 2g˜2λ
2
k + B˜23 + 4ν21 B˜13, k3 = g˜2λ
2
k + 4ν12 B˜13
ìîæíî çàïèñàòü â âèäå
k1 r
2
(
t 01
)2
−
(
k2 r + ν21 B˜13
)
t 01 + k3 = 0, (3.24)
åñëè çàäàíà çàâèñèìîñòü (2.21), èëè â âèäå
k1
(
t 02
)2
−
(
k2 + r∗ ν21 B˜13
)
t 02 + k3 = 0, (3.25)
åñëè çàäàíà çàâèñèìîñòü t 02 = r∗ t
0
2 . Èç óðàâíåíèé (3.24) èëè (3.25), ÿâëÿþùèõñÿ
àíàëîãàìè óðàâíåíèÿ (3.16), íåîáõîäèìî îïðåäåëèòü ìèíèìàëüíîå çíà÷åíèå êîðíÿ
t 01 (èëè t
0
2 ) ïóòåì ìèíèìèçàöèè òîëüêî ïî îäíîìó èç öåëî÷èñëåííûõ ïàðàìåòðîâ n
èëè k , òàê êàê îíè â ðàññìàòðèâàåìîì ñëó÷àå ñâÿçàíû çàâèñèìîñòüþ λ2n = ν21 λ
2
k .
È, íàêîíåö, ïîäñòàâëÿÿ âûðàæåíèÿ (3.6)(3.8) â îñòàâøèåñÿ óðàâíåíèÿ (3.2) è
(3.5), ïîëó÷èì ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé
λk
(
B˜23 − ν21 B˜13
)
Ψnk −
[
B˜13
(
1− t 01
)
λ2n + B˜23
(
1− t 02
)
λ2k
]
w˜nk = 0, (3.26)
ν21λk
λn
[(ν21λ3k
λn
− λk λn + B˜13
ν21λk
λn
)
Ψnk + B˜13 λn w˜nk
]
−
−
[
g˜2 λ
2
k + λ
2
n − ν21 λ
2
k + B˜23
]
Ψnk + B˜23 λk w˜nk = 0, (3.27)
ïðè÷åì ïåðâîå èç íèõ ñëåäóåò èç (3.2) â ñèëó òîãî, ÷òî δ w˜nk 6= 0 áåç íàëîæåííûõ
óñëîâèé íà w˜nk , à â ñîîòâåòñòâèè ñ (2.11) δ Ψ˜nk 6= 0 òîëüêî ïðè λk = 0 . Ïîýòîìó
â óðàâíåíèè (3.27), ñëåäóþùåì èç (3.5), â ñèëó ñîîòíîøåíèÿ δ w˜nk 6= 0 íåîáõîäèìî
ïðèíÿòü λk = 0 , ÷òî ïðèâîäèò ê ðàâåíñòâó
(
λ2n + B˜23
)
Ψnk = 0 . Îòñþäà ïîëó-
÷àåì ðåøåíèå Ψnk = 0 , ñëåäîâàòåëüíî, èç (3.26) ïðè óñëîâèè w˜nk 6= 0 ïîëó÷àåì
õàðàêòåðèñòè÷åñêîå óðàâíåíèå
B˜13
(
1− t 01
)
λ2n + B˜23
(
1− t 02
)
λ2k = 0. (3.28)
Ïðè λk = 0 èç óðàâíåíèÿ (3.28) ñëåäóåò áèóðêàöèîííîå çíà÷åíèå t
0 ∗
1 = 1 ,
îòâå÷àþùåå ÷èñòî ïîïåðå÷íî-ñäâèãîâîé ÔÏÓ áåñêîíå÷íî øèðîêîé ïëàñòèíû ïðè
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îñåâîì ñæàòèè ñèëîé q , à ïðè λn = 0  áèóðêàöèîííîå çíà÷åíèå t
0 ∗
2 = 1 àíà-
ëîãè÷íîãî ñîäåðæàíèÿ. Ïðè äâóñòîðîííåì íàãðóæåíèè, êîãäà t 02 = r t
0
1 , èç (3.28)
ïîëó÷àåì îðìóëó äëÿ îïðåäåëåíèÿ áèóðêàöèîííîãî çíà÷åíèÿ:
t 0 ∗1 =
B˜13 λ
2
n + B˜23 λ
2
k
B˜13 λ2n + r B˜23 λ
2
k
=
B˜13 ε˜
2 + B˜23
B˜13 ε˜ 2 + r B˜23
, (3.29)
ãäå ε˜ = λn/λk = n b/k a = n ε/k , ε = b/a . Èç (3.29) âèäíî, ÷òî t
0 ∗
1 = 1 ïðè r = 1
(òî åñòü ïðè p = q ); t 0 ∗1 > 1 ïðè r < 1 , à ïðè r > 1 èìååì, ÷òî t
0 ∗
1 < 1 .
3.2. ÔÏÓ ïðÿìîóãîëüíîé ïëàñòèíû ñ íåçàêðåïëåííûìè êðàÿìè, íà-
õîäÿùåéñÿ â óñëîâèÿõ ÷èñòîãî ñäâèãà. Ñòðóêòóðå ñîñòàâëåííûõ óíêöèé
(2.28) â ðàññìàòðèâàåìîì ñëó÷àå ñîîòâåòñòâóþò ñëåäóþùèå óðàâíåíèÿ ìåòîäà Áóá-
íîâà
a∫
0
b∫
0
f˜2 sinλk y cosλn xdx d y = 0 ïðè δΨnk 6= 0, (3.30)
a∫
0
b∫
0
( ν21 λk
λn
f˜1 sinλk y sinλn x+ f˜2 cosλk y cosλn x−
1
p 01 λk
f˜3 sinλk y cosλn x−
−
t 012
λn p 01
f˜3 cosλk y sinλn x
)
dx dy = 0 ïðè δ Ψ˜nk 6= 0, (3.31)
ãäå
f˜3 =
[ B˜13(λ2n − λ2kt 012 t 021)
λk p 01
+ ν21 λk B˜13
]
Ψ˜nk sinλky cosλnx+
+
(B˜23 λ2kt 012
λn p 01
− B˜23 λnt
0
21
)
Ψ˜nk cosλky sinλnx+ λk B˜23 Ψnk cosλk y cosλn x, (3.32)
f˜1 =
(
−
ν21 λ
3
k
λn
+ λkλn − B˜13
λn
λk p 01
− B˜13
ν21 λk
λn
)
Ψ˜nk sinλk y sinλn x+
+ B˜13
t 012
p 01
Ψ˜nk cosλk y cosλn x−
(
1 + ν21 g1
)
λk λn Ψnk cosλk y sinλn x, (3.33)
f˜2 =
(
−g˜2 λ
2
k − λ
2
n + ν12 λ
2
k + B˜23
1− p 01
p 01
)
Ψ˜nk cosλk y cosλn x+
+ B˜23
λk t
0
12
λn p 01
Ψ˜nk sinλk y sinλn x−
(
g2 λ
2
k + λ
2
n + B˜23
)
Ψnk sinλk y cosλn x. (3.34)
Îáðàòèìñÿ ê óðàâíåíèþ (3.31). Ïðè ïîäñòàíîâêå â íåãî ñîñòàâëåííûõ âûðàæå-
íèé (3.32)(3.34), èñïîëüçóÿ ðàâåíñòâî λ2n = ν21 λ
2
k , èç óñëîâèÿ Ψ˜nk 6= 0 ïðèõîäèì
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ê õàðàêòåðèñòè÷åñêîìó óðàâíåíèþ
− B˜13 ν21
1 + p 01
p 01
− g˜2 λ
2
k + B˜23
1− p 01
p 01
−
B˜13
(
ν21 − t
0
12 t
0
12
)
p 0 21
−
−
B˜13 ν21
p 01
−
B˜23 t
0
12 t
0
12
ν21 p 0 21
+
B˜23 t
0
12 t
0
21
p 0 21
= 0, (3.35)
êîòîðîìó îòâå÷àåò ÷àñòíîå ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è
w = −
Ψ˜nk
p 01
( 1
λk
sinλk y cosλn x+
t 012
λn
cosλk y sinλn x
)
,
γ1 =
ν21 λk
λn
Ψ˜nk sinλk y sinλn x, γ2 = Ψ˜nk cosλk y cosλn x.
òî÷íî óäîâëåòâîðÿþùåå âñåì ãðàíè÷íûì óñëîâèÿì ïðè λ2n = ν21 λ
2
k . Åñëè ââåñòè
â ðàññìîòðåíèå îïðåäåëÿþùèé ïàðàìåòð e è ïàðàìåòð íàãðóçêè τ˜ ïî îðìóëàì
e = B23/B13 = g23/g13 , τ˜ = τ
2/
(
B13 B13
)
, â ñèëó êîòîðûõ t 012 t
0
21 = τ˜ , t
0
12 = e t
0
21 ,
òî ñ ó÷åòîì îðìóëû p 01 = 1− t
0
12 t
0
21 óðàâíåíèå (3.35) ïðåîáðàçóåòñÿ ê âèäó
(
g˜2 λ
2
k + B˜13 ν21 + 2 B˜23
)
τ˜ 2 −
(
4 B˜13 ν21 + 2 g˜2 λ
2
k+
+ 2 B˜23 + e B˜13 −
e B˜23
ν21
)
τ˜ + 4 B˜13 ν21 + g˜2 λ
2
k = 0. (3.36)
Ïóòåì ðåøåíèÿ óðàâíåíèÿ (3.36) íàõîäèòñÿ ïîëîæèòåëüíîå áèóðêàöèîííîå
çíà÷åíèå ïàðàìåòðà τ˜ , ìèíèìèçàöèåé êîòîðîãî ïî k îïðåäåëÿåòñÿ ìèíèìàëüíàÿ
êðèòè÷åñêàÿ íàãðóçêà τ∗min ïî îðìóëå τ
∗
min =
√
τ˜∗min B13 B23 .
àññìîòðèì òåïåðü óðàâíåíèå (3.30). Ïîñëå ïîäñòàíîâêè â íåãî âûðàæåíèÿ
(3.34) ïîëó÷èì ðàâåíñòâî
(
g2 λ
2
k + λ
2
n + g23
)
Ψnk = 0 , îòêóäà ñëåäóåò, ÷òî Ψnk = 0 .
3.3. Àíàëèç ðåçóëüòàòîâ ðàñ÷åòîâ. Èç ïîëó÷åííûõ ðåçóëüòàòîâ íàèáîëü-
øèé ïðàêòè÷åñêèé èíòåðåñ ïðåäñòàâëÿþò êðèòè÷åñêèå çíà÷åíèÿ óñèëèé t 0 ∗1 èëè
t 0 ∗2 , êîòîðûå îïðåäåëÿþòñÿ â ðåçóëüòàòå ðåøåíèÿ óðàâíåíèé (3.16), (3.24) è (3.25).
Òàê êàê ýòè óðàâíåíèÿ ÿâëÿþòñÿ àáñîëþòíî ýêâèâàëåíòíûìè, òî äîñòàòî÷íî ïðî-
âåñòè àíàëèç êîðíåé óðàâíåíèÿ (3.25), êîòîðûå ïðè ââåäåíèè â ðàññìîòðåíèå îïðå-
äåëÿþùèõ ïàðàìåòðîâ εb = h/b , G˜13 = G13/G12 , G˜23 = G23/G12 è îáîçíà÷åíèé
äëÿ áåçðàçìåðíûõ êîýèöèåíòîâ
c k1 =
12 ν21 G˜13
pi 2 ε 2b g˜2 k
2
, c k2 =
12 G˜13
pi 2 ε 2b g˜2 k
2
, c k3 = 1 +
c k2
2
+
ck1
2
(
4 + r∗
)
áóäóò îïðåäåëÿòüñÿ ïî îðìóëàì
t
0 (1,2)
2 = c
k
3
(
1±
√
1−
(
1 + c k1
) (
1 + c k1 + c
k
2
)
/
(
c k3
)2 )
/(1 + c k1 + c
k
2 ). (3.37)
Ïðîâåäåííûå ðàñ÷åòû ïîêàçàëè, ÷òî ïðè r∗ = 0 (îäíîñòîðîííåå ñæàòèå) è r∗ = 1
(äâóñòîðîííåå ñæàòèå ïëàñòèíû îäèíàêîâûìè óñèëèÿìè) îäèí èç êîðíåé óðàâíå-
íèÿ ñòðåìèòñÿ ê åäèíèöå è â ñëó÷àå ν21 6= 0 , ÷òî ñîîòâåòñòâóåò ÷èñòî ïîïåðå÷íî-
ñäâèãîâîé ÔÏÓ, à äðóãèì êîðíåì îïèñûâàåòñÿ èçãèáíî-ñäâèãîâàÿ ÔÏÓ. Çíà÷åíèÿ
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Òàáë. 1
r∗ ν21 εb = 0.01 εb = 0.025 εb = 0.05 εb = 0.075
G˜ = 0.1 G˜ = 0.01 G˜ = 0.1 G˜ = 0.01 G˜ = 0.1 G˜ = 0.01 G˜ = 0.1 G˜ = 0.01
0 0 0.008 0.076 0.049 0.339 0.170 0.672 0.316 0.822
0.3 0.153 0.181 0.169 0.304 0.222 0.513 0.292 0.646
1 0 0.008 0.076 0.049 0.339 0.170 0.672 0.316 0.822
0.3 0.131 0.156 0.146 0.267 0.192 0.467 0.256 0.601
ïîñëåäíèõ ìèíèìàëüíû ïðè k = 1 , è äëÿ ñëó÷àÿ g˜2 = 10 è ðàçëè÷íûõ çíà÷å-
íèé G˜13 = G˜23 = G˜ , ν21 , r∗ , εb îíè ïðèâåäåíû â òàáë. 1. Èç íèõ çíà÷åíèÿ
ïðè ν21 = 0 ñîîòâåòñòâóþò ðåàëèçàöèè èçãèáíî-ñäâèãîâîé ÔÏÓ, êîãäà γ1 = 0 ,
w 6= 0 , γ2 6= 0 (öèëèíäðè÷åñêàÿ ÔÏÓ), à ïðè ν21 = 0.3  öèëèíäðè÷åñêîé èçãèáíî-
ñäâèãîâîé ÔÏÓ, îïèñûâàþùåéñÿ óíêöèÿìè (3.10), â êîòîðûõ íåîáõîäèìî ïðè-
íÿòü t 01 = r∗ t
0
2 , λn = npi/a , n = ν
1/2
12 a/b . Âèäíî, ÷òî äëÿ ïëàñòèí èç ìàòåðèàëà
ñ ìàëîé ïîïåðå÷íî-ñäâèãîâîé æåñòêîñòüþ (G˜ = 0.01), èìåþùèõ ïàðàìåòð îòíî-
ñèòåëüíîé òîëùèíû εb ≥ 0.025 , êðèòè÷åñêàÿ íàãðóçêà, îïðåäåëÿåìàÿ ïî îðìóëå
(3.23) è ñîîòâåòñòâóþùàÿ ïåðâîé èç óêàçàííûõ ÔÏÓ, ñòàíîâèòñÿ âûøå êðèòè÷å-
ñêîé íàãðóçêè, îïðåäåëÿåìîé âòîðûì êîðíåì óðàâíåíèÿ (3.37). Ïðè ðåàëèçàöèè
òàêîé íåöèëèíäðè÷åñêîé ÔÏÓ â ñëó÷àå r∗ > 0 íàáëþäàåòñÿ òàêæå è ñíèæåíèå
ïàðàìåòðà êðèòè÷åñêîé íàãðóçêè.
4. Èçãèáíûå è ïîïåðå÷íî-ñäâèãîâûå îðìû
ñâîáîäíûõ êîëåáàíèé ïëàñòèíû ñî ñâîáîäíûìè êðàÿìè
Èññëåäóåìûå îðìû êîëåáàíèé îïèñûâàþòñÿ óðàâíåíèÿìè
f1 =
∂M11
∂x
+
∂M12
∂y
− T13 + ρ
h3
12
ω2 γ1 = 0,
f2 =
∂M12
∂x
+
∂M22
∂y
− T23 + ρ
h3
12
ω2 γ2 = 0,
f3 =
∂T13
∂x
+
∂T23
∂x
+ ρ hω2w = 0,
(4.1)
ãäå ρ  ïëîòíîñòü ìàòåðèàëà, ω  êðóãîâàÿ ÷àñòîòà ñâîáîäíûõ êîëåáàíèé. Ââå-
äÿ â äîïîëíåíèå ê (1.2), (1.4) ïàðàìåòð Ω è êîýèöèåíò c ïî îðìóëàì
Ω 2 = ρ hω2/D12 , c = h
2/12 , óðàâíåíèÿ (4.1) ïðèâåäåì ê âèäó
f˜1 = g1
∂2γ1
∂x2
+
∂2γ1
∂y2
+
(
1 + ν21 g1
) ∂2γ2
∂x∂y
− B˜13
(∂w
∂x
+ γ1
)
+ cΩ2 γ1 = 0,
f˜2 = g2
∂2γ2
∂y2
+
∂2γ2
∂x2
+
(
1 + ν12 g2
) ∂2γ1
∂x∂y
− B˜23
(∂w
∂y
+ γ2
)
+ cΩ2 γ2 = 0,
f˜3 = B˜13
(∂2w
∂x2
+
∂γ1
∂x
)
+ B˜23
(∂2w
∂y2
+
∂γ2
∂y
)
+Ω2 w = 0,
(4.2)
äëÿ êîòîðûõ ãðàíè÷íûå óñëîâèÿ íà êðîìêàõ x = 0 , x = a è y = 0 , y = b ñëåäóþò
èç (1.6), (1.7) ïðè t 01 = t
0
12 = t
0
21 = t
0
2 = 0 . Ìîæíî ïîêàçàòü, ÷òî äàííûì ãðàíè÷íûì
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óñëîâèÿì óäîâëåòâîðÿþò óíêöèè
w =
(
−
1
λk
Ψ˜nk sinλk y + w˜nk cosλk y
)
cosλn x+
+
(
Wnk sinλk y + W˜nk cosλk y
)
sinλn x,
γ1 = − λn
(
Wnk sinλk y + W˜nk cosλk y
)
cosλn x−
−
ν21 λk
λn
(
Ψnk cosλk y − Ψ˜nk sinλk y
)
sinλn x,
γ2 = λk(Wnk cosλky − W˜nk sinλky)sinλnx+(Ψnk sinλky+Ψ˜nk cosλky)cosλnx
(4.3)
â ñëó÷àå âûïîëíåíèÿ óñëîâèé:
Wnk 6= 0 ïðè λk = 0, (4.4)
Ψnk 6= 0 ïðè λk = 0, (4.5)
Ψ˜nk 6= 0 ïðè λ
2
n = ν21 λ
2
k, (4.6)
W˜nk 6= 0 ïðè λ
2
k = ν12 λ
2
n. (4.7)
Â ñîîòâåòñòâèè ñ ìåòîäèêîé [1, 2℄ è ñòðóêòóðîé óíêöèé (4.3) äëÿ èíòåãðèðîâà-
íèÿ óðàâíåíèé (4.2) íåîáõîäèìî ñîñòàâèòü ñëåäóþùèå óðàâíåíèÿ ìåòîäà Áóáíîâà:
a∫
0
b∫
0
(
−
1
λk
f˜3 sinλk y cosλn x+
ν21 λk
λn
f˜1 sinλk y sinλn x+
+ f˜2 cosλk y cosλn x
)
d x d y = 0 ïðè δ Ψ˜nk 6= 0, (4.8)
a∫
0
b∫
0
f˜3 cosλk y cosλn xdx dy = 0 ïðè δ w˜nk 6= 0, (4.9)
a∫
0
b∫
0
(
f˜3 sinλk y sinλn x− λn f˜1 sinλk y cosλn x+
+ λk f˜2 cosλk y sinλn x
)
d x d y = 0 ïðè δWnk 6= 0, (4.10)
a∫
0
b∫
0
(
f˜3 cosλk y sinλn x− λn f˜1 cosλk y cosλn x−
− λk f˜2 sinλk y sinλn x
)
dx dy = 0 ïðè δ W˜nk 6= 0, (4.11)
a∫
0
b∫
0
(
−
ν21λk
λn
f˜1 cosλky sinλnx+f˜2 sinλky cosλnx
)
dx dy = 0 ïðè δΨnk 6= 0, (4.12)
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â êîòîðûõ
f˜1 =
[
g1 λn
(
λ2n − ν21 λ
2
k
)
− c λn Ω
2
] (
Wnk sinλk y cosλn x+ W˜nk cosλky cosλnx
)
+
+
( ν21 λ3k
λn
− λk λn + g13
ν21λk
λn
−
ν21 λk
λn
cΩ2
)
Ψnk cosλk y sinλn x+
+
[
−
ν21 λ
3
k
λn
+ λk λn − g13
( λn
λk
+
ν21 λk
λn
)
+
ν21 λk
λn
cΩ2
]
Ψ˜nk sinλk y sinλn x+
+ g13 λn w˜nk cosλk y sinλn x, (4.13)
f˜2 =
[
g2 λk
(
−λ2k + ν12λ
2
n
)
− 2λkg23 + c λk Ω
2
]
(Wnk cosλky sinλnx−
− W˜nk sinλky sin λnx)− (g˜2 λ
2
k + λ
2
n − ν21 λ
2
k + g23 − cΩ
2)Ψnk sinλky cosλnx−
− (g˜2 λ
2
k + λ
2
n − ν21 λ
2
k − cΩ
2 )Ψ˜nk cosλk y cosλn x+
+ g23 λk w˜nk sinλk y cosλn x, (4.14)
f˜3 =
[
B˜13
λ2n
λk
+ λk ν21 B˜13 −
Ω2
λk
]
Ψ˜nk sinλk y cosλn x−
− (B˜13 λ
2
n + B˜23 λ
2
k − Ω
2) w˜nk cosλk y cosλn x−
(
2λ2k B˜23 − Ω
2) (Wnk sinλk y +
+ W˜nk cosλk y) sinλn x+ (B˜23 − ν21 B˜13)λkΨnk cosλk y cosλn x, (4.15)
Ïðè ïîäñòàíîâêå âûðàæåíèé (4.13)(4.15) â (4.8) ïðèõîäèì ê óðàâíåíèþ
{
−
(
B˜13
λ2n
λ2k
+ ν21 g13
)
+
Ω2
λ2k
+
ν21λk
λn
[
−
ν21λ
3
k
λn
+ λn λk − B˜13
( λn
λk
+
ν21λk
λn
)
+
+
ν21λk
λn
cΩ2
]
−
(
g˜2 λ
2
k + λ
2
n − ν21 λ
2
k − cΩ
2
)}
Ψ˜nk = 0. (4.16)
â êîòîðîì â ñîîòâåòñòâèè ñ (4.6) δ Ψ˜nk 6= 0 òîëüêî ïðè óñëîâèè λ
2
n = ν21 λ
2
k . Ïðè
óäîâëåòâîðåíèè ýòîìó óñëîâèþ èç (4.16) ñëåäóåò îðìóëà äëÿ îïðåäåëåíèÿ Ω2 :
Ω2 =
(
g˜2 λ
2
k + 4 ν21 B˜13
)
λ2k
1 + c (1 + ν21)λ2k
=
g˜2 λ
4
k + 4 B˜13 λ
2
n
1 + c (λ2n + λ
2
k)
. (4.17)
Êîëåáàíèÿ ñ òàêèìè ÷àñòîòàìè îïèñûâàþòñÿ óíêöèÿìè
w = −
1
λk
Ψ˜nk sinλky cosλnx,
γ1 =
ν21λk
λn
Ψ˜nk sinλky sinλnx, γ2 = Ψ˜nk cosλky cosλnx
ñ ïàðàìåòðàìè âîëíîîáðàçîâàíèÿ λn è λk , ñâÿçàííûìè çàâèñèìîñòüþ λ
2
n = ν21 λ
2
k .
Àíàëîãè÷íûì îáðàçîì èç (4.10) ïðè ïîäñòàíîâêå â ýòî óðàâíåíèå âûðàæåíèé
(4.13)(4.15) ñëåäóåò, ÷òî[
4λ2kg23 +Ω
2 − g1λ
2
n(λ
2
n − ν21 λ
2
k
)
+ cλ2nΩ
2 + g2λ
2
k(−λ
2
k + ν12 λ
2
n
)
− cλ2kΩ
2
]
Wnk = 0,
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êîòîðîå â ñèëó óñëîâèÿ (4.4) ïðèâîäèò ê îðìóëå
Ω2 = g1 λ
4
n/(1 + c λ
2
n). (4.18)
Òàê êàê ñîîòâåòñòâóþùèå ýòèì ÷àñòîòàì îðìû ñâîáîäíûõ êîëåáàíèé â ñèëó òîãî,
÷òî λk = 0 , îïèñûâàþòñÿ óíêöèÿìè w = 0 , γ1 = 0 , γ2 = 0 , òî ðàññìàòðèâàåìîå
ðåøåíèå ÿâëÿåòñÿ òðèâèàëüíûì (Ω2 = 0).
Èç (4.11) ïðè ïîäñòàíîâêå âûðàæåíèé (4.13)(4.15) ñëåäóåò óðàâíåíèå[
4λ2k g23+(1+c λ
2
n+c λ
2
k)Ω
2−g1 λ
2
n (λ
2
n−ν21 λ
2
k)+g2 λ
2
k (−λ
2
k+ν12 λ
2
n)
]
W˜nk = 0. (4.19)
Íåòðèâèàëüíûì ðåøåíèÿì W˜nk 6= 0 â ñîîòâåòñòâèè ñ óñëîâèÿìè (4.7) áóäóò îòâå-
÷àòü ÷àñòîòû êîëåáàíèé
Ω2 =
(
g˜1 λ
2
n + 4ν12 B˜23
)
λ2n
1 + c (1 + ν12)λ2n
=
g˜1 λ
4
n + 4 B˜23 λ
2
k
1 + c (λ2n + λ
2
k)
, (4.20)
ïî ñòðóêòóðå ñîâïàäàþùèå ñ ÷àñòîòàìè (4.17) è ñëåäóþùèå èç (4.19) ïðè λ2k =
= ν12 λ
2
n . Êîëåáàíèÿ ñ òàêèìè ÷àñòîòàìè èìåþò îðìó
w = W˜nk cosλk y sinλn x, γ1 = −λn W˜nk cosλk y cosλn x,
γ2 = −λk W˜nk sinλk y sinλn x, λ
2
k = ν12 λ
2
n.
È, íàêîíåö, ïðè èñïîëüçîâàíèè âûðàæåíèé (4.13)(4.15) èç (4.9) è (4.12) ïîëó-
÷àåòñÿ ñëåäóþùàÿ ñèñòåìà îäíîðîäíûõ àëãåáðàè÷åñêèõ óðàâíåíèé
−
(
B˜13 λ
2
n + B˜23 λ
2
k − Ω
2
)
w˜nk + λk
(
B˜23 − ν21 B˜13
)
Ψnk = 0 ïðè w˜nk 6= 0,
λk
(
B˜23 − ν21 B˜13
)
w˜nk +
[
ν21 λ
2
k
(
2λ2n − ν21 λ
2
k − B˜13 ν21
)
− B˜23 λ
2
n−
− λ4n − g2 λ
2
k λ
2
n +
(
λ2n + ν21 λ
2
k
)
cΩ2
]
Ψnk = 0 ïðè Ψnk 6= 0,
(4.21)
ïðè÷åì â ñîîòâåòñòâèè ñ (2.11) Ψnk 6= 0 òîëüêî ïðè âûïîëíåíèè óñëîâèÿ λk = 0 ,
à íà w˜nk íèêàêèõ óñëîâèé íå íàêëàäûâàåòñÿ. Â ñâÿçè ñ ýòèì ñèñòåìà óðàâíåíèé
(4.21) èìååò ìåñòî òîëüêî ïðè Ψnk = 0 è ïðèâîäèòñÿ ê âèäó(
g13 λ
2
n + g23 λ
2
k − Ω
2
)
w˜nk = 0. (4.22)
Èç (4.22) ñëåäóåò îðìóëà äëÿ îïðåäåëåíèÿ ÷àñòîò
Ω 2 = g13 λ
2
n + g23 λ
2
k (4.23)
êîëåáàíèé, ÿâëÿþùèõñÿ ÷èñòî ïîïåðå÷íî-ñäâèãîâûìè è èìåþùèõ îðìó
w = w˜nk cosλk y cosλn x, γ1 = 0, γ2 = 0.
Òàêèå êîëåáàíèÿ ìîãóò ðåàëèçîâàòüñÿ â ïëàñòèíå ëèøü ïðè ìàëûõ çíà÷åíèÿõ ïà-
ðàìåòðîâ G13/E1 è G23/E2 .
Ñëåäóåò îòìåòèòü, ÷òî ñïåêòð ÷àñòîò ñâîáîäíûõ êîëåáàíèé îïðåäåëÿåòñÿ íå
òîëüêî âûâåäåííûìè îðìóëàìè (4.17), (4.20) è (4.23). Áîëåå òîãî, óñòàíîâëåí-
íûå ÷àñòîòû èçãèáíî-ñäâèãîâûõ îðì êîëåáàíèé è íå ÿâëÿþòñÿ ñàìûìè íèçøèìè,
íà ÷òî óêàçûâàåò íàëè÷èå ñëàãàåìûõ, ó÷èòûâàþùèõ ïîïåðå÷íûå ñäâèãè, â ÷èñëè-
òåëÿõ, à íå â çíàìåíàòåëÿõ îðìóë (4.17) è (4.20). Ïîýòîìó ïîëó÷åííûå â äàííîì
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ðàçäåëå ðåçóëüòàòû â áîëüøåé ñòåïåíè ïðåäñòàâëÿþò ëèøü òåîðåòè÷åñêèé èíòåðåñ,
òàê êàê èçâåñòíî, ÷òî ó÷åò ïîïåðå÷íûõ ñäâèãîâ â ïëàñòèíàõ ïðèâîäèò ê ñíèæåíèþ,
à íå ê ïîâûøåíèþ ÷àñòîò èçãèáíûõ îðì êîëåáàíèé. Â ñâîþ î÷åðåäü, è ñóùåñòâî-
âàíèå òàêèõ îðì êîëåáàíèé ñ ÷àñòîòàìè (4.17) è (4.20) òðåáóåò ñîîòâåòñòâóþùåãî
îáîñíîâàíèÿ, ÷òî ìîæåò áûòü âûïîëíåíî òîëüêî íà îñíîâå èñïîëüçîâàíèÿ áîëåå
ñòðîãèõ è òî÷íûõ óðàâíåíèé, ÷åì óðàâíåíèÿ (4.2) òåîðèè òèïà Òèìîøåíêî.
Åñëè ñ÷èòàòü, ÷òî óíêöèè w , γ1 , γ2 èìåþò íóëåâóþ èçìåíÿåìîñòü ïî x è y,
òî èç óðàâíåíèé (4.2) â ñèëó ñîîòíîøåíèé γ1 = const 6= 0 , γ2 = const 6= 0 ñëåäóþò
åùå äâå îðìóëû Ω 2 = g13/c
2
, Ω 2 = g23/c
2
, àíàëîãè÷íûå âûâåäåííûì â [6℄ äëÿ
òðåõñëîéíûõ ïëàñòèí.
Åñëè æå ïðèíÿòü, ÷òî íóëåâóþ èçìåíÿåìîñòü óíêöèè w , γ1 , γ2 èìåþò òîëüêî
â íàïðàâëåíèè îñè y , òî óðàâíåíèÿ (4.2) ïðèíèìàþò âèä
f˜1 = g1
∂2γ1
∂x2
− g13
(∂w
∂x
+ γ1
)
+ cΩ 2 γ1 = 0,
f˜3 = g13
(∂2w
∂x2
+
∂γ1
∂x
)
+Ω 2 w = 0.
(4.24)
Äëÿ ýòèõ óðàâíåíèé óíêöèè, óäîâëåòâîðÿþùèå ïðè x = 0 , x = a ãðàíè÷íûì
óñëîâèÿì ∂γ1/∂x = 0 , ∂w/∂x+ γ1 = 0 , ìîãóò áûòü ïîñòðîåíû â âèäå
w = −
1
λn
Wn0 sinλn x, γ1 = Wn0 cosλn x. (4.25)
Â ñîîòâåòñòâèè ñ èõ ñòðóêòóðîé â ðàññìàòðèâàåìîì ñëó÷àå íåîáõîäèìî ñîñòàâèòü
óðàâíåíèå ìåòîäà Áóáíîâà ñëåäóþùåãî âèäà
a∫
0
(
f˜1 cosλn x −
1
λn
f˜3 sinλn x
)
dx = 0, (4.26)
ãäå
f˜1 =
(
g1 λ
2
n + cΩ
2
)
Wn0 cosλn x, f˜3 = −
Ω 2
λn
Wn0 sinλn x. (4.27)
Ïîäñòàíîâêà âûðàæåíèé (4.27) â óðàâíåíèå (4.26) ïðè óñëîâèè W˜n0 6= 0 ïðèâîäèò
ê îðìóëå
Ω 2 = g1 λ
4
n/(1 + c λ
2
n), (4.28)
ïîëíîñòüþ ñîâïàäàþùåé ñ îðìóëîé (4.18), íî íå ñëåäóþùåé èç óðàâíåíèé (4.24)
ïðè ïîäñòàíîâêå â íèõ óíêöèé (4.25). Ñëåäîâàòåëüíî, ïîñòðîåííûå óíêöèè
(4.25), ïðèâîäÿùèå ê âûïîëíåíèþ ðàâåíñòâà γ1+∂w/∂x = 0 ïî âñåé äëèíå ïëàñòè-
íû è ê îðìóëå (4.28) ïðè èñïîëüçîâàíèè ìåòîäà Áóáíîâà, â çàäà÷å î ñâîáîäíûõ
êîëåáàíèÿõ íå ÿâëÿþòñÿ òî÷íûì ðåøåíèåì èñõîäíûõ óðàâíåíèé (4.24), â òî âðåìÿ
êàê â àíàëîãè÷íîé çàäà÷å îá óñòîé÷èâîñòè ïëàñòèíû ïîñòðîåííûå óíêöèè (3.21)
ïðèâîäÿò ê òî÷íîé îðìóëå (3.19) êàê ïðè èõ ïîäñòàíîâêå â óðàâíåíèÿ (3.20), òàê
è ïðè èñïîëüçîâàíèè ìåòîäà Áóáíîâà â îðìå óðàâíåíèÿ (3.22).
àáîòà âûïîëíåíà ïðè èíàíñîâîé ïîääåðæêå îññèéñêîãî îíäà óíäàìåí-
òàëüíûõ èññëåäîâàíèé (ïðîåêò  09-01-00323-à) è ïî åäåðàëüíîé öåëåâîé ïðî-
ãðàììå ¾Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èííîâàöèîííîé îññèè¿ (ìåðî-
ïðèÿòèå 1.1 ¾Ïðîâåäåíèå íàó÷íûõ èññëåäîâàíèé êîëëåêòèâàìè íàó÷íî-îáðàçîâà-
òåëüíûõ öåíòðîâ¿,  2009-1.1-112-049-024. îñ. êîíòðàêò  02.740.11.0205 îò 7 èþëÿ
2009 ã.).
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Summary
V.N. Paimushin, T.V. Polyakova. Exat Solutions of the Problem of Flexural and Cross-
Setion-Shear Bukling Modes and Free Osillations of the Retangular Orthotropi Plate with
Loose Edges.
The artile regards linearized problems about elasti stability of an orthotropi retangular
plate with loose edges under the inuene of running fores of the invariable diretions whih
ause in a plate either a single-sided and double-end ompression, or pure shear. For stating
the problem we use the known equations of the speied theory of plates of Timoshenko type
onsidering the ross-setion shears. On the basis of double trigonometrial base-load funtions
suh analytial solutions of the speied problems are presented whih fulll all stati boundary
onditions. Depending on the struture of these solutions in order to onform to the equations
of perturbed equilibrium of a plate the orresponding equations of Bubnov method are made,
proeeding from whih the bifuration values of operating fores are dened and bukling
modes orresponding to them are ultimately determined. On the basis of the stated method
some analytial solutions are also disovered for the problem of small free osillations of a plate
with loose edges.
Key words: linearized stability problem, retangular plate, double-end ompression,
pure shear, exural and ross-setion-shear bukling modes, free osillations, loose edges,
trigonometrial base-load funtions, analytial solutions, Bubnov method.
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